Abstract. The fixed point spectra of Morava E-theory En under the action of finite subgroups of the Morava Stabilizer group Gn and their K(n)-local Spanier-Whitehead duals can be used to approximate the K(n)-local sphere in certain cases. For any finite subgroup F of the height 2 Morava Stabilizer group at p = 2 we prove that the K(2)-local Spanier-Whitehead dual of the spectrum E hF 2 is Σ 44 E hF 2 . These results are analogous to the height 2 and p = 3 case where DE hF
In chromatic homotopy theory we are interested in the categories of spectra localized with respect to Morava K-theories K(n). For a K(n)-local spectrum X, the natural notion of Spanier-Whitehead dual is the function spectrum in the K(n)-local category
Some of the most important K(n)-local spectra are L K(n) S 0 itself and spectra from which L K(n) S 0 can be built. The K(n)-local sphere can be thought of as the homotopy fixed points of Morava E-theory E n under the action of Morava stabilizer group G n (see [DH04] ). At n = 1 and 2, for appropriate finite subgroups H < G n the K(n)-local sphere can be decomposed in terms of E hH n as in, for example, [Hen07] , [GHMR05] , [BG18] and [Beh06] , hence E hH n are important building blocks of K(n)-local category.
While it is, of course, true that
it turns out that determining DE hH n is more complicated for finite and other closed subgroups H < G n , even already at chromatic height n = 1.
For example, at p = 2 and n = 1 the maximal finite subgroup of G 1 ∼ = Z 2 × C 2 is C 2 and the homotopy fixed point spectrum E hC2 1 fits into a fiber sequence [Bou79] 
The K(1)-local Spanier-Whitehead dual of E hC2 1 is shown to be [HM07]
thus allowing us to rewrite the fiber sequence above as DE
Background
Morava E-theory and Morava stabilizer group. Fix a prime number p. The Morava stabilizer group S n is the group of automorphisms of the height n Honda formal group law H n over F p n . It is computed to be
where W (F p n ) = Z p [ω]/{ω p n −1 − 1} is the ring of Witt vectors and σ is the lift to W (F p n ) of the Frobenius morphism σ : F p n (−) p − −− → F p n . The lift to S n of the action of the Galois group Gal(F p n /F p ) defines the (extended) Morava stabilizer group G n = S n Gal(F p n /F p ). The Goerss-Hopkins-Miller theory produces a functor E : {Formal group laws} → {E ∞ -ring spectra}
where k is a perfect field of characteristic p and Γ is a formal group law of finite height over k. Morava E-theory E n at prime p is the value of this functor on (F p n , H n ) where H n is, again, the Honda formal group law. By [GH04] E n = E(F p n , H n ) is a complex oriented E ∞ -ring spectrum on which G n acts via E ∞ -maps. Its coefficients are given by
where |u i | = 0 and |u −1 | = 2. By [DH04] the homotopy fixed points of action of G n on E n recover the K(n)-local sphere
For any closed subgroup H of G n we can form the homotopy fixed point spectrum E hH n and (using [GHMR05, (2.7)] and the Shapiro's lemma) there exists a fixed point spectral sequence
n . Finite and other closed subgroups of G n play an important role in computations because they are often much easier to work with but still carry significant information. We will next introduce several subgroups of interest to us at n = 2.
We can write each element of G 2 as a pair
where φ is the Frobenius morphism, and define the norm map by
It is easy to check that the map N takes values in Z × p × Gal(F p 2 /F p ). The group G 1 2 is defined as the kernel of the reduced norm map
where F = C 2 at p = 2 and F = C p−1 at p = 2 is the maximal finite subgroup of Z × p . We also define S Finite subgroups and short resolutions. The results of this paper concern the case n = p = 2. In order to explain our motivation for this project, we will first review some details about the n = 2, p = 3 case. We will write E = E 2 . p = 3. It can be shown that G 2 contains a cyclic subgroup C 3 at p = 3; it is also easy to see that it contains a subgroup C 8 = F × 9 generated by a primitive 8-th root of unity ω. Let C 4 be the subgroup generated by ω 2 . The maximal finite subgroup G 24 of G 2 has order 24 and can be defined by the non-split group extension
The semidihedral group SD 16 = (F 9 ) × Gal(F 9 /F 3 ) is the second finite subgroup of interest, note that it contains the dihedral group D 8 . See [GHMR05, Section 1] for more details on the structure and generators of these subgroups.
The fixed point spectra E hSD16 and E hG24 are crucial for understanding the K(2)-local category at p = 3 due to the existence of short resolutions of L K(2) S 0 . Namely, in [GHMR05] the authors show that there exists a resolution of
Behrens [Beh06] reformulated this resolution and showed that there exists a fiber sequence
where Q(2) is built from E hSD16 and E hG24 . This explains the apparent self-duality of resolution (2) and the presence of suspensions in it. Namely, the presence of Σ 48 E hG24 in the resolution is related to the facts that DE hG24 Σ 44 E hG24 and that resolution has length 4. p = 2. It can be shown that S 2 at p = 2 contains two elements of order four, i and j, which generate a subgroup Q 8 < S 2 , on which C 3 = F × 4 acts by permuting i, j and ij. The maximal finite subgroup of S 2 is the binary tetrahedral group
(see [Hew95] ) and G 48 := G 24 Gal(F 4 /F 2 ) is the maximal finite subgroup of G 2 (for details on these subgroups see, for example, [Hen, Section 2]). Note that the group G 24 at p = 2 is not at all the same as the maximal finite subgroup of G 2 at p = 3, even though the usual notation is the same. We will also use subgroups C 2 = {±1} and
The analog of (2) at p = 2 is the following resolution of E
Both resolutions (2) and (3) have the property that all possible Toda brackets formed from the maps in the resolutions are zero. Hence they refine to towers of fibrations and give rise to tower spectral sequences. Namely, (3) refines to a tower of fibrations (4)
and we have a tower spectral sequence
Note that Σ 48 E hC6 E hC6 and we choose to write Σ 48 E hC6 to emphasize the self-duality of the resolution. We can map E hG24 (or any other spectrum) into the tower (4) and arrive at a spectral sequence computing the homotopy of the function spectrum
Action of G n on function spectra
In this section we work at an arbitrary chromatic height n and write G = G n and E = E n in order to simplify the notation. The group G acts on E ∧ E on both factors of E. Let map c (G, E * ) denote the algebra of continuous functions from G to E * . The following statement is a summary of Proposition 5.1 and Lemma 5.4 from [Hen] .
where µ is the multiplication of the ring spectrum E.
1 gh 2 ). In other words, the action of G on the left hand copy of E corresponds to the diagonal action on the set of continuous maps while the action of G on the right hand copy of E corresponds to the translation action on G in map c (G, E * ).
We can dualize this proposition (as in Section 5 of [Hov04] ) to arrive at the following.
Proposition 3. There is a G × G equivariant isomorphism
The action of the right copy of G is on the target in an element of π * F (E, E) and the action of the left copy is on the source in π * F (E, E). On E * G the right copy of G acts trivially on E * and by translation on G and the left copy of G acts diagonally.
Equivariant and non-equivariant versions of this statement are also discussed in [Str00] and [Hov04] .
3. Spanier-Whitehead dual of E hG24 : first steps
For the rest of the paper we will work in the K(2)-local category at p = 2 and will write E = E 2 .
We begin with a recollection of computations from [Str00] where it is proved that there is a G 2 -equivariant equivalence of E-modules (for n = 2 and any prime)
This can be shown by computing H * (G 2 , E * E) and using the Devinatz-Hopkins spectral sequence [DH04] (6) E
We will emulate Strickland's analysis ([Str00, Prop. 16]) in the case of the group G 1 2 < G 2 . One of the key facts used there was that G 2 contains an open Poincare duality subgroup of dimension 4. A profinite p-group G is called a Poincare duality group of dimension k if G has cohomological dimension k and
The group G 1 2 is not a Poincare duality group but its cohomology still has the property that we will require. Lemma 4. We have . Open subgroups of a profinite group are precisely those closed subgroups which have finite index. In fact, K 1 fits into a short exact sequence
Then we have an isomorphism supplied by the Shapiro's lemma
Lemma 5. There exists a G 2 -equivariant isomorphism
Proof. We will use the spectral sequence (6) and we need to compute
2 , π * F (E, E)). Our starting point is the isomorphism of Proposition 3
which is equivariant with respect to the action of G 2 which on the left side of this equivalence is the left translation action on G 2 and on the right side of the equivalence is the action on the target copy of E in an element of π * F (E, E).
Since G 2 acts trivially on E 0 , we have an isomorphism of G 2 -modules
Here we use that E 0 is isomorphic as a topological Z 2 -module to a product of copies of Z 2 over some indexing set:
Now we use Lemma 4 to get H n c (G 1 2 , E 0 E) = 0 for n = 3 and
All these computations can be repeated for E t E, t = 0 and we arrive at the result
and
Substituting these results into the spectral sequence (6) we see that it cannot have any differentials or extensions due to sparseness. Hence it collapses and we have an isomorphism of homotopy groups
is also an equivariant isomorphism with respect to the second action of G 2 where the group acts on the source in the function spectrum and diagonally on E * G 2 . Hence the isomorphism
is equivariant with respect to the residual action of G 2 : on the source in the function spectrum and diagonal on π * Σ −3 E G 2 /G 1 2 . In this paper we want to identify the function spectrum F (E hG48 , E hG2 ) and we will do that by first understanding F (E hG24 , E hG 1 2 ). The next lemma allows us to think about the latter function spectrum as a homotopy fixed point spectrum.
Lemma 6. Let H be any finite subgroup of G 2 . Then we have an equivalence
Proof. Since the K(2)-localization of the Tate spectrum E tH vanishes, the homotopy fixed point spectrum E hH and the homotopy orbit spectrum E hH are equivalent. The lemma then follows from the equivalences
The homotopy of F (E, E hG 1 2 ) hG24 can now be computed using the fixed point spectral sequence
We will later show that we actually only need to know very little information about some permanent cycles to compute this spectral sequence completely. We will be using the fact that F (E hG24 , E Fixed point spectral sequence for π * E hG24 . Here we will recall some basic facts about the homotopy fixed point spectral sequence
For more details see [Rez, Theorem 18.2], [Bau08] or [BG18, Section 2.3].
There is an isomorphism
where R is the ideal generated by the following relations: 2η = 2µ = 2 = 2κ = 4ν = 8κ = 0;
We include for reference the chart for the E 2 page of the homotopy fixed point spectral sequence for E hG24 in Figure 1 . This is Figure 3 from [BG18] . The differentials are linear with respect to j and the generators in positive s degrees. The first non-trivial differential is d 3 . It is generated by The group cohomology module H * (G 24 , E * ) is 24-periodic with periodicity generator ∆ ∈ H 0 (G 24 , E 24 ). This algebraic periodicity does not extend to topological periodicity since there are differentials on the powers of ∆ The spectrum E hG24 is 192-periodic with periodicity generator given by the per-
The function spectrum F (E 
(see [Beh06] , p. 38). Then since the inverse system π * (E hG 1 2 ∧ (Z/2 n ) + ) is MittagLeffler, the lim 1 term in the formula for homotopy groups of an inverse limit vanishes and we have
2 . Now we would like to consider the fixed point spectral sequence converging to the homotopy of
Since
2 ) is a module over E hG 1 2 , the spectral sequence (10) is a module over the homotopy fixed point spectral sequence
and in fact the structure of (10) is completely determined by this module structure as differentials are linear with respect to elements of G 2 /G 1 2 .
The function spectrum F (E hG24 , E hG 1 2 ). Let R * be the graded ring
is a spectral sequence of R * modules. Its E 2 page is computed as the group cohomology
2 ) where the action of G 24 on the module is diagonal. Since G 24 is a subgroup of G 1 2 , it acts trivially on G 2 /G 1 2 and we have E * , * 2
Consider the fixed point spectral sequence
Assume that for some k ∈ [0, 7] (and all n)
is a permanent cycle. Then
Proof. Spectral sequence (12) is a module over the standard homotopy fixed point spectral sequence (7) H * (G 24 , π * E) =⇒ π * E hG24 .
Using this module structure we see that if ∆ k+8n is a permanent cycle, then any element in
is a permanent cycle as well. Then we use the module structure over
2 ) to see that the differentials in this spectral sequence are linear with respect to elements in G 2 /G 1 2 and we have
2 ). Then the composition (where m is the structure map of F (E hG24 , E hG 1 2 ) as a module over E hG24 and is the augmentation map)
is an equivalence.
The next lemma shows that we can relax the assumptions of Proposition 7.
Lemma 8. Consider the homotopy fixed point spectral sequence (12)
is a permanent cycle, where f (j) is a power series in j such that f (0) = 0 mod (2, j). Then ∆ k is a permanent cycle.
Proof. The spectral sequence (12) is a module over the standard homotopy fixed point spectral sequence for π * E hG24 and the differentials in the latter spectral sequence are j-linear. Hence we have
And the condition f (0) = 0 mod (2, j) ensures that f (j) is invertible in the target of d r (∆ k ) (see Figure 1 ).
In the next section we will show that ∆ 2+8n f (j) for f (j) as in Lemma 8 is a permanent cycle in spectral sequence (12). Then we will use Proposition 7 and Lemma 8 to deduce
Homotopy groups computation
We begin by examining the homotopy fixed point spectral sequence for π * E hG24 ([BG18, Fig. 4 ] or [Bau08, p. 32]) and making the following observation.
Lemma 9. For any n there is an isomorphism
If a n ∈ π 45+192n E hG24 is a generator then a nκ η = 0. Furthermore, a n is detected by the class ∆ 1+8nκ η ∈ H 5 (G 24 , π 50+192n E).
We will use Proposition 2.6 from [GHMR05] which we recall below. Let H 1 be a closed subgroup and H 2 a finite subgroup of G 2 and let H 1 = ∩ i U i for a decreasing sequence of open subgroups U i . Then
where H x,i = H 2 ∩ xU i x −1 for the coset xU i . In order to use this decomposition we will need some information about π * E hH for various subgroups H ≤ G 24 . What we need is collected in the lemma below.
Lemma 10.
(1) For any H ≤ G 24 such that the central C 2 = {±1} is contained in H we have
(2) For F = C 2 and C 6
Proof. The subgroups of G 24 which contain the central C 2 are C 2 , C 4 , C 6 , Q 8 and G 24 . The homotopy groups of E hC2 , E hC4 and E hC6 can be read off of Prop. 2.8, Prop. 2.9 and Prop. 2.12 in [BG18] . For E hQ8 we note that there is an equivalence ( [Hen, p.28 
Lemma 11. There exists (for each n) a surjective map
such that any element
for which p (f n ) = 0, has Adams-Novikov filtration at most 5 and has the property f nκ η = 0.
Proof. We compute with the tower spectral sequence (5)
where we examine the fate of
The three potential differentials supported by E 0,45+192n 1 all land in zero groups since (see Lemma 10)
and the projection p from the top to the bottom of the duality tower (4)
is surjective. Composing it with the unit map ι of the ring spectrum E hG24 we have a surjective map p
The rest follows from Lemma 9.
Lemma 12. In the spectral sequence
there exists (for each n) a permanent cycle
Proof. We use the fact that [BG18] ). Then the map p from Lemma 11 restricts to a surjective map
where any y n ∈ π 45+192n F (E hG24 , E hG 1 2 ) such that r(y n ) = 0 is detected in the spectral sequence (13) by a permanent cycle in Adams-Novikov filtration at most 5.
Analyzing the E 2 page (see Figure 1 )
we see that y n must be detected by an element in filtration zero, namely in
for some g n (j). Then the condition y nκ η = 0 guarantees that g n (0) = 0 mod (2) since 2η = 0. Now for simplicity let n = 0 (the proof goes exactly the same way for other n). Assume that g 0 (0) = 0 mod (j), i.e. g 0 (j) = j a G 0 (j) where G 0 (j) = 0 mod (j). Recall that the spectral sequence (13) is a module over (7) hence ∆ and c 4 are d 3 -cycles in (13). Then, using (8) and j-linearity, we have d 3 (∆ 2 ηj a−1 G 0 (j)c 6 c 4 η) = ∆ 2 ηj a−1 G 0 (j)κj = ∆ 2 g 0 (j)κη = y 0κ η, which is a contradiction with the fact that y 0κ η = 0. Hence g 0 (0) = 0 mod (j).
Proposition 13. There is a K(2)-local equivalence By Lemma 12, ∆ 2+8n g n (j) is a permanent cycle in this spectral sequence for each n where g n have the property g n (0) = 0 mod (2, j). Then we apply Lemma 8 and Proposition 7. Now we are ready to prove our main theorem. Let ψ be the topological generator of Z 2 ∼ = G 2 /G Theorem 1. Let n = p = 2 and let G 48 be the maximal finite subgroup of the Morava stabilizer group G 2 . Then the K(2)-local Spanier-Whitehead dual of E hG48 is
Proof. We map E hG24 into the fiber sequence (14) and compute the cofiber of the map 
